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Abstract 

Abstract. We conjecture an explicit construction of integral operators intertwining various 
quantum Toda chains. Compositions of the intertwining operators provide recursive and Q- 
operators for quantum Toda chains. In particular we propose a generalization of our previous 
results for Toda chains corresponding to classical Lie algebra to the generic BC n and Inozemtsev 
Toda chains. We also conjecture explicit form of Q-operators for closed Toda chains correspond- 
ing to Lie algebras -B^, Coo, Doo, affine Lie algebras B„ \ C„\ Dn , Dn \ and 
the affine analogs of BC n and Inozemtsev Toda chains. 



Introduction 

An interesting integral representation for common eigenfunctions of the quantum ^4 n -Toda chain 
Hamiltonian operators was proposed in [GiJ. Using the representation theory approach to Toda 
chain eigenfunctions the representation [Gi] was generalized to other classical series B n , C n and D n 
[GLQ2| . In [GKLOj . [GL02J we stress an important role of the elementary intertwining operators 
in the construction of solutions of quantum Toda chains. The common eigenfunctions of quantum 
Toda Hamiltonians corresponding to the same classical series can be obtained by a recursive ap- 
plication of some integral operators. In general the recursive integral operators can be naturally 
represented as a product of elementary integral operators intertwining quantum Toda Hamiltoni- 
ans corresponding to different classical series. The integral kernels of the elementary intertwining 
operators have a uniform structure of the exponent of a linear combination of exponents in natu- 
ral coordinates. This decomposition of the recursive operators into elementary intertwiners seems 
has a methodological importance for quantization of classical Toda chains. Indeed, for classical 
Toda chains the recursive operators are given by complicated canonical transformations. The di- 
rect quantization of these canonical transformations is far from obvious. Let classical canonical 
transformations be naturally split into products of elementary canonical transformations allowing 
standard quantization. Then the quantization of the canonical transformation is easily obtained as 
a product of quantized elementary canonical transformations. As it was argued in }GLQ2j and is 
demonstrated in this paper this is precisely the case for Toda chains. 
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One can expect that the algebra of intertwining operators acting between various Toda chains 
should have an interesting interpretation in representation theory of classical series of Lie groups. 
The representation theory interpretation of a particular instance of the integral intertwining opera- 
tor commuting with quantum Toda chain Hamiltonians was proposed in [GLQ3). These operators 
were identified with the generators of Hecke algebras of the classical Lie groups with respect to 
maximal compact subgroups. The affine version of these operators were introduced long ago by 
Pasquier and Gaudin as Q-operator for affine Toda chain [PG| . 

In this paper we extend the integral intertwiner operator approach to open Toda chains whose 
representation theory interpretation for generic coupling constants is not known. These include 
-BC n -Toda chains constructed by Sklyanin [S] and Toda chains proposed by Inozemtsev in the 
classical setting [I] . In the following we refer to the latter series of Toda chains as J n -Toda chains. We 
propose elementary intertwining operators for BC n and I n Toda chains and check the intertwining 
properties with respect to quadratic quantum Hamiltonians. The elementary intertwiners appear 
to relate BC and /-Toda chains thus stressing the importance of the Inozemtsev Toda chain series 
as an honorable member of the Toda chains family. The constructed elementary intertwiners allow 
us to propose explicit integral expressions for common eigenfunctions of BC n - and I n -Toda chain 
Hamiltonians for generic spectrum. 

In the second part of the paper we propose analogs of the Pasquier-Gaudin integral Q-operator 
[PGj for affine Toda chains based on classical series of affine Lie algebras An \ ^n-l' Bn\ 

Cn \ Dn \ Dn^ infinite Lie algebras B^, and D^, affine and semi-infinite version of BC n and 
I n Toda-chains. 

Finally let us stress that the explicit integral expressions for common eigenfunctions constructed 
using elementary intertwiners might provide a general approach to the quantization of classical in- 
tegrable systems. This program was completely realized for A n -Toda chains in |GLQ3| . The first 
step is a construction of recursive operators as a product of quantized elementary intertwining 
integral operators and checking commutation relations with quadratic quantum Hamiltonian. The 
next step is a construction of quadratic Hamiltonian eigenfunctions using the recursive operators. 
Finally one should check orthogonality and completeness relations for the constructed eigenfunc- 
tions. Note that the complete set of eigenfunctions can be considered (after a standard Fourier 
transform) as an integral kernel of a unitary transformation U intertwining quantum Toda chain 
with the quantum theory of free particles (i.e. having zero potential). The higher quantum Hamil- 
tonians can now be obtained by a conjugation by U of the standard set of the higher quantum 
Hamiltonians for a collection of free particles. The correct classical limit of these Hamiltonians is 
guaranteed by the correct classical limit of the quantum recursive operators used to construct U. It 
would be interesting to apply this line of reasoning to BC n - and I ra -Toda chains which do not allow 
simple representation theory realization. What is missed at the moment are the orthogonality and 
completeness relations for these sets of functions. The proof of the orthogonality and completeness 
relations consists of routine manipulations with iterative integrals and will be published elsewhere. 
Modern approach to solving quantum integrable systems based on the Quantum Inverse Scattering 
Method (QISM) achieved a spectacular success for various classes of quantum integrable models 
(see [F] for a concise account). One might hope that the approach based on the explicit integral 
operators used in this paper might add some complimentary information about the structure of 
quantum integrable systems. 

This paper is an updated version of the earlier note [GLQ1| . After [GLOlj . |GLQ2] the paper 
[KS] with the results on classical recursion operators for BC n -Tod& chains appeared. We expect 
that the classical limit of our constructions for BC n Toda chain should be compatible with the 
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results of |KS| . 

The plan of this paper is as follows. In Section 1 we summarize the results of [Gij . [GKLOj . 
[GLQ2| for the case of zero spectrum. In Section 2 we propose elementary integral intertwining 
operators and integral representations for BC n - and I n -Toda chain eigenfunctions. In Section 3 
analogs of Pasquier-Gaudin Q-operator at zero spectral parameter are proposed for affine versions 
of Toda chains corresponding to classical Lie groups and BC n - and I n -Toda chains. In Section 4 
the analogous conjectures are stated for semi-infinite Toda chains. 

Acknowledgments: The research was supported by grants RFBR-08-01-00931-a, 09-01-93108- 
HHHHJI-a, AG was also partly supported by Science Foundation Ireland grant. 

1 Integral representation for the eigenfunctions of quantum Toda 
chains for classical groups 

We start reviewing a construction of the intertwining operators and common eigenfunction of 
quantum Toda chains corresponding to classical Lie algebras [GL02J. Then we conjecture explicit 
integral representations for eigenfunctions for generic BC n and I n Toda chains. 

Let us first recall the standard facts on Toda chains corresponding to arbitrary root systems 
(see e.g. [RSTS ). Let g be a simple Lie algebra, I] be a Cartan subalgebra, n = dimf} be the rank 
of Q, R C f)* be the root system, W be the Weyl group. Let us fix a decomposition R = R + U R- 
of the roots on positive and negative roots. Let aii, . . . , a n be the bases of simple roots. Let (, ) be 
a VF-invariant bilinear symmetric form on fj* normalized so that (a, a) = 2 for a long root. This 
form provides an identification of f) with f)* and thus can be considered as a bilinear form on (). 
Choose an orthonormal basis e = {ei, . . . , e n } in f). Then for any i 6 1) one has a decomposition 
x = Y2i=i x i e i- One associates with these data an open Toda chain with a quadratic Hamiltonian 



where gi are (in general complex) coupling constants. This Hamiltonian is a one of the generators 
TLf", i = 1,2,..., rank(i?) of the commutative ring of quantum Hamiltonians of the corresponding 
Toda chain. The common eigenfunctions of the quantum Hamiltonians satisfy the equations 



where q(A) are polynomials of the complex variables A = (Ai, . . . , X n ) parameterizing spectrum. 
In the following we will consider only the eigenfunctions corresponding to zero eigenvalues of the 
Hamiltonians and omit the index A. Borrowing Physics terminology we will call such eigenfunctions 
ground state wave functions. 

1.1 Integral representation of A„ i-Toda chain eigenfunctions 

In this Subsection we recall a recursive construction [GKLO] of the Givental integral representation 
of gl n -Toda chain eigenfunctions [Gi]. Quantum gl„-Toda chain is characterized by its linear and 




(1.1) 
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quadratic Hamiltonians 

n 

O.r 



(1.2) 

2 n-1 



dxj 

where x = (xi, . . . ,x n ) and gi are coupling constants. These Hamiltonians are the first two of 
a series of generators Hf , ^ = 1,2, ...n of the commutative ring of quantum Hamiltonians of 
gl n -Toda chain. The common eigenfunctions of the quantum Hamiltonians satisfy the equations 

Hf n Gz)*f" (x) = Cj(A) (x), (1.3) 

where Cj(A) are the symmetric polynomials of the complex variables A = (Ai, . . . , A n ) parameterizing 
spectrum. For instance ci(A) = Ai + . . . + A n and 02(A) = Af + . . . + A^. Common eigenfunctions 
for st n -Toda chain are obtained by imposing the additional condition ci(A) = in (jl.3|) . In the 
following we will consider ground state wave functions corresponding to A = and thus will not 
distinguish gl n - and s[ n -Toda chains. 

1.1.1 The following integral representation for a ground state wave function quantum Hamiltonians 
of gl n -Toda chain was derived in |Gi] 

/n— 1 k 
k=l i=l 

where x n> i := Xi, x = (xi, . . . , x n ), the function ^(x) is given by 

n— 1 k 

F n ( x ) = - ^ ('''"'" ' + g ie Xk +^- Xk ^ , (1.5) 
fe=l i=l 

and the integration domain T is a middle dimensional submanifold in the n(n — l)/2- dimensional 
complex torus with coordinates {exp x^i, i < 1 < k < n — 1}. The choice of the integration contour 
is dictated by the condition on the integrand to decrease exponentially at infinities. 

The integral representation (|1.4p can be derived using the recursion over the rank n of the Lie 
algebra gl n [GKLOj . Indeed (jl.4j) is naturally represented in the recursive form 

n-l 



ti It J. 

$fl>»(aj) = / TTQ fc+ i )fc (x fc+1 ;x fc )(te fc , (1.6) 
with the integral kernel 

k 

Qfc+i.*(2*+i; 3&) = ex P { " E (e^* - "* 1 '' + ft e**+w-i-*M) }. (1.7) 



i=l 



Here we define x k = (xk,i , • • • , Xkk) and := x n ^ 1 < i < n. The zero eigenvalue property of (|1.4j) 
with respect to quantum Hamiltonians is then translated into the intertwining relations between 
integral operators with the kernels Qk+i,k an d Hamiltonians Hf lh and Hf k+1 . In particular for the 
quadratic Hamiltonian (jl.2p we have the following easily verified property 



H sl *+i(x k+1 )Q k+ljk (x k+1 , x k ) = Qk+i,k(Sk+i, x k )H sl "(x k ), (1.8) 
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where 

H^{x k ) = -±£ + ][> e *M + i-^ . (1.9) 

Here and in the following we assume that in the relations similar to (jl.8p the Hamiltonian operator 
on l.h.s. acts on the right and the Hamiltonian on r.h.s. acts on the left. From (jl.8p one can easily 
deduce 

{-2^q^ + H ) * 4*) = 0. (1.10) 

i=l * i=l 

The eigenvalue property for higher Hamiltonians is not so easy to verify and deserve more involved 
considerations [01] , [GKLOJ. 

1.1.2 The integral operator defined by the kernel (jl.7h is closely related with a Q-operator real- 
izing Backlund transformations in a Toda chain corresponding to affine Lie algebra gl n . This is a 
particular example of the integral intertwining operator introduced by Pasquier and Gaudin [PGJ. 
The integral kernel is given by 

n 

Q^(x,y) = exp{ - ^ [e x ^ + fte"^ 1- **) }, (1.11) 
i=i 

where = x« and yj+n = y^. This operator commutes with the Hamiltonian operators of the 
closed Toda chain. Thus for example for the quadratic Hamiltonian we have 

Hf n (x)Q^(x, y) = Q&(x, y)H^(y), (1.12) 

where 

H^is) r • (1-13) 

i=l 1 1=1 

Here we impose the conditions Xj+ n = X{. The recursive operator (|1.7p can be obtained from the 
operator (|l.llj) in the limit g n — ► 0, x n — > —00 in such a way that g n e~ Xn 0. 

1.2 Toda chains corresponding to classical Lie algebras 

In this Subsection we recall the explicit form of the quadratic quantum Hamiltonians of Toda chains 
corresponding to classical Lie algebras. 

1.2.1 Let e = {ei, . . . ,e n } be an orthonormal basis in R n . The root system of type B n can be 
defined as 

a\ = ei, a i+ i = e i+ i - et, 1 < % < n - 1, (1-14) 

and the corresponding Dynkin diagram is 

ai <= a 2 ••• OL n -\ OL n . (1.15) 
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Quadratic Hamiltonian operator of the corresponding Toda chain is given by 



H^(x) = -~E^I + 9ie Xl + J2g i+ ie^-*i. (L16) 

i=l % i=l 

1.2.2 The root system of type C n can be defined as 

ai = 2ei, a i+ i = e i+1 - e i: 1 < % < n - 1, (1-17) 

and the corresponding Dynkin diagram is 

Oi\ Q!2 ••• OLn-l OL n . (1-18) 

Quadratic Hamiltonian operator of the corresponding Toda chain is given by 

fl^U) = "2^^ + 2 ^ie 221 + E^^ 1 ""' (1-19) 
where z = (xi, . . . , z n ). 

There is a more general Toda chain associated with root system C n (see e.g. jRSTSj . Remark 
p. 61) with the quadratic Hamiltonian 

i n a2 2 

8=1 1 8=1 

The i?C*-Toda chain can be obtained as a degeneration of the generic _BC n -Toda chain discussed 
in the next. This explains our notations. 

1.2.3 The root system of type D n is 

ai = ei+e 2 , a i+1 = e i+ x - ei, l<i<n-l, (1-21) 

and the corresponding Dynkin diagram is 
a i 



a 3 • • • a„,-i a r 



Q'2 

Quadratic Hamiltonian operator of the D n -Toda chain is given by 

H D "(x) = --J]^ + gme x ^ + ' . (1.22) 

i=l 1 i=l 
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1.3 Intertwining integral operators 

We start with the elementary intertwining operators relating Toda chains corresponding to different 
series. These elementary intertwiners have simple integral kernels given by exponents of the linear 
combination of exponents. The integration contours are chosen in such way that the integrals 
considered below converge. 

1.3.1 Integral kernel 

n-l 

Q^Ldn^n-i) = exp{- ( 9l e^ +J2(e x "- 1 ^ +m+ie z ^ +1 - x ^> ))}, (1.23) 

i=i 

satisfies the following relations 

H BC Hzn)Q B BLMniXn-l) = Q^L Un. £n-l) H B — (x n _ x ) . (1.24) 

Thus the corresponding integral operator intertwines quadratic Hamiltonians of BC*- and B n -\- 
Toda chains. Similarly an elementary operator intertwining quadratic B n and -BC* Hamiltonians 
has an integral kernel 



Q BC* (— ni —r. 



n-l 



exp { - ( 9i e 2 ™' 1 + ^2 {f^ Zn,i + 9i+i eZ "' i+1 ""''j + e^"" Znn ) }■ 



(1.25) 



i=i 

1.3.2 An integral operator intertwining C n and D n Hamiltonians has the kernel 

n-l 

Q C D n Uni x n ) = exp | - ^5 1 e x "' 1+a ' 1 ' 1 +^ ^n.i-^.i + ffi+1 e :r "' l + 1 " 2 ™'^ + e*"" - *"") }. (1.26) 

i=i 

Similarly an integral operator with the kernel 

n-l 

Q^fen! z»-i) = exp { - ^ ie *n,i+*»-i,i + £ e *>-i,i-*»,< + 5i+ie ^+i-^-^) }, (1.27) 

i=i 

intertwines the following D n and C n _i quadratic Hamiltonians 

H C ^Un-l) • Qt-!^; ^n-l) = Q D C n -Mn> In-l^feJ- (1-28) 

To describe a recursion structure of the ground state eigenfunction of C n -Toda chain let us introduce 
the integral operators Q c with the kernels given for k = 2, . . . , n by the convolutions of the 

intertwining operators Q c ^ k and Q^~ x : 

Q Ck Ck Jz k ; z k ^) = J Q% k (z k -,x k )Q\_ i (x k -z k _ 1 )dx k . (1.29) 
r (fc) 

For k = 1, we set 

Q% (z 1 , 1 ):=^(z 1 , 1 ) = J exp{- a e*M+*M_ e *M-*i,i }dxi)1 . (1 3Q) 

r(!) 
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1.3.3 For k = 2, . . . , n introduce the integral operators Q ^ with kernels given by the convolu- 

D C 

tions of the kernels of the intertwining operators Q q i and Q i 



r(fc) 



For k = 1 we set Q D £) (£i,i) = 1- 

1.3.4 Denote x fc = (x^i, . . . , x^), z k = (2^1, . . . , 2fc,fc)- Let us introduce integral operators Q S j3 fe 
for k = 2, . . . , n with the kernels given by the convolutions of the kernels of elementary intertwiners 
Q% c , and Q B J*_ X : 

Q B B k _S- k 'i — fc-l) = y Q B BCl^-k'^k)Q Bk-i(.-k' £k-l) ■ (1-32) 

r(fc) 

For = 1 we set 

<5 B B (^l,l) : = = / exp{-2 5l e^ - e^ 1 "^}^. 



1.4 Integral representations of Toda chain eigenfunctions 

Using the integral intertwining operators discussed above we can construct recursively ground 
state eigenfunctions for quantum Toda chains associated with classical Lie algebras. Thus ob- 
tained integral representations are compatible with the representation theory construction of the of 
generic eigenfunctions for classical Lie algebras [GL02J . The eigenfunction property with respect 
to quadratic Hamiltonians follows from the intertwining relations considered in the previous Sub- 
section. For higher quantum Hamiltonians we should at the moment relay on the results obtained 
in representation theory approach. 



Proposition 1.1 The ground state eigenfunction for B n -Toda chain has the following integral 
representation 

/n n—1 
n 0%.^; n d ^ (i.33) 
r fc=l fc=l 

where X{ := x n i and dx k = dx^i • ■ • dx k k- The eigenfunction is given by the integral over a non- 
compact domain T of the real dimension equal to the complex dimension of the generalized flag 
manifold X = G/B, where G = SO(2n + 1,C) and B is a Borel subgroup 

n 

J](2fc-1) = n 2 = \R+\. (1.34) 

fc=l 

The domain of integration should be chosen in such a way that the integrand decreases exponentially 
at infinities. 
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Proposition 1.2 The ground state for C n -Toda chain has the following integral representation 

„ n n—1 

y c "( Zl , ...,z n )= yn Q% k _ x {z k ; z k _ x ) H dz k , (1.35) 



r k=l k=l 

where Z{ := z n ^ and dz k = dz k \ ■■■dz kk . The eigenfunction is given by the integral over a non- 
compact domain T of the real dimension equal to complex dimension of the generalized flag manifold 
X = G/B, where G = SO(2n + 1, C) and B is a Borel subgroup 

n 

J2( 2 k - 1) = n 2 = \R + \. (1.36) 
k=i 

The domain of integration should be chosen in such a way that the integrand decreases exponentially 
at infinities. 

Proposition 1.3 The ground state eigenfunction for D n -Toda chain has the following integral 
representation 

/n n—1 
n Q\-M^ n d *k , (i.37) 

r k=l r=l 

where Xi := x n< i. The eigenfunction is given by the integral over a non-compact domain V of 
the real dimension equal to complex dimension of the generalized flag manifold X = G/B, where 
G = SO(2n,C) and B is a Borel subgroup 

n-l 

2k = n(n-l) = \R + \. (1.38) 

fc=i 

The domain of integration should be chosen in such a way that the integrand decreases exponentially 
at infinities. 

1.5 Quadratic Hamiltonians of BC n - and I n - Toda chains 

Here we write down quadratic Hamiltonians of the generic BC n - and I n -Toda chains. 
1.5.1 Non-reduced root system of type BC n can be defined as 

a = 2ei, ct\ = ei, a i+1 = e i+ i - e i: 1 < i < n - 1 (1.39) 

and the corresponding Dynkin diagram is 

a (1.40) 



OL2 • • • «n-l Ct r . 



«1 
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where the two vertexes connected by a double dash line correspond to a reduced at\ = e\ and 
non-reduced «o = 2e\ = 2a\ roots. 

The corresponding BC n -Tod& chain has the following quadratic Hamiltonian 



n n— 1 



H BC "(x) = ~\^2g^ + 9ie xi + 92e 2xi + ^ 5i+ 2^ +1 ^S (1-41) 

where x = (x\, . . . ,x n ). Note that quadratic Hamiltonian (jl.20jl of the £>C*-Toda chain is obtained 
by the following specialization of the coupling constants g\ = —g/2, gi = g 2 /2. 

1.5.2 The quadratic Hamiltonian of the I n -Toda chain [Ij is given by 

d 2 9\ , 52 



' _ 2^^f + ( e xi/2_ e -x l/2 )2 + 



2 



(1.42) 

n— 1 

i=l 

where x = (xi, . . . , a; n ) and gi, , i = 1, . . . , n + 1 are generic coupling constants. 

1.5.3 The following specialization of the coupling constants gi, 1 < i < n + 1 will be important in 
the following 



91 ~ „ Ji f Ji ,,\ ~ 192 

9i = ==, 92 =2-=[—= + l) , 53 = 531 



V 2 52 V 2^2 v V 2 52 / V 2 

and ^j + 2 = 5i+2 f° r 1 < i < w — 1- Denote the Hamiltonian with the specialized coupling constants 
by H 1 ™: 



x2 91 2 91 i 91 11 



l = _I V— ^ + 



2^c>4 ( e -*»,i/2 - e ^,i/2) 2 ( e - 

; n-1 

' i=2 



1.6 Integral intertwining operators 

Now we conjecture the BC n and analogs of the intertwining integral operators. The intertwining 
relations with quadratic quantum Hamiltonians are checked straightforwardly. Hopefully similar 
intertwining relations hold for higher quantum Hamiltonians. 

Lemma 1.1 An integral operator defined by the following kernel: 

Q BC F*(x n ,z n ) = ( + ^ Zni J 

•exp j — (J— (e x " ,1+z " !l + e Xn ' 1 ~ Zn ^ + ' s ^g i+ ie Zn ' i ~ Xn ' i ~ 1 + e*™'* - *"'^ |, 

' i=2 

intertwines quadratic BC n and I* Hamiltonians ftl-41\ ) an d 

H BC "(x n ) ■ Q B %{x n , z n ) = Q B %{x n , z n ) ■ HZ(zJ. (1.45) 
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Lemma 1.2 Let Q p* be an integral operator with the kernel 

n+l 



BC - (x z ) - f 1 ~ eZ " +1,1 ) ^ 

I n 

. eX p| _ (J— (e Xn ' 1+Zn+hl + e Xn >i~ Zn + 1 > 1 ^ + ^ (^g i+ ie Zn+1 ' i ~ Xn ' i ~' 1 + e x "'* - * n+1 '«^ (1-46) 

+ 5n+2 e «»+l,n+l-*»n^ J. 

XTie following intertwining relation between the quadratic quantum BC n and Hamiltonians 
holds 



H BC -{x n ) ■ Q BC f* (x n , z n+1 ) = Q B % (x n , z n+1 ) ■ H r ^(z n 

' 1 ro+l 



'n+l 



+ 1/ 



(1.47) 



Let us denote the kernel of the inverse integral transformation by 



Q BC„(-n+l'-n) :— Q I* -n+l) ■ 



ra+1 



For any = 2, . . . ,n define the integral operators Qsc k 1 as convolutions of the kernels of ele- 



mentary intertwiners Q S ^! fe and Q ±k BCk 1 



Q B< BC k ^ 1 fee' Sfe-i) — / Q°n k (%ki l k ) Q k BCk i {z k ] x k _i) dz k . 



)BC k 



r (fc) 



For = 1 we set 



r(i) 



Let us define the following quadratic BC and I Hamiltonians 

Q2 

2 + 5i e^ 1 + gzer"- + 

fc=i 



2^3x, 
?=i * 



1.48) 



(t^t) ^ exp{-VW2(e a;il+ ^ 1 + e^™)}^- (1.49) 



(1.50) 



where 



1 n ,q2 



51 



2 0^ 
«=i 1 



+ 



92 



( e -«i/2 _ e zi/2) 2 ( e -zi _ e zi) 2 



n-1 



fc=2 



5i 



(2ia + l)^i 



;i.5i) 



V252 V2ff 2 / V 

Note that the coupling constants g\ and <?2 are generic provided the parameter a is generic. 



(1.52) 
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Proposition 1.4 The integral operator with the kernel 

n 

Q In BcMn> Xn\°) = (1 - e 2z "' 1 )~ 2m ■ exp | iaJ2( z n,i - x n ^Q In BCn {z n ; x n ). (1.53) 

i=l 

intertwines the quadratic Hamiltonians of I n and BC n -type Toda chains 

H In {z n )Q In BCn (z n ; x n \a) = Q In BCn (z n , x n \a) ■ H BC "(x n ). (1.54) 

Proposition 1.5 The integral operator with the kernel 

n+l n 

Q^cMn+l, 2Ln) = (l-e 22 "+M)- 2i V eX p| za( ^ Zn+M _^ Xnii )}.Q / ^J^ ; ^) ) ( L5 5) 

i=\ i=l 

intertwines H In+1 (z n+1 ) — ^- and H BCn {x n ) Hamiltonians, that is: 

(WUn+i) " y)Q 7 B + c„(ln + i; £» = Q In ^Mn + i, £» • H BC "(x n ). (1-56) 

Let us denote the kernel of the inverse integral transformation by 

Q B i k (x k >z k \a) := Q Ik BCk {z_ki x k \a) ■ 

In the following we introduce three types of iterative kernels. For any k = 2, . . . , n define the 
integral operators Q B £ k ~ x depending on auxiliary parameter as convolutions of the kernels of 
elementary intertwiners Q B f k and Q Ik BCk 1 - 

Q B BC h _ x ix_ k \ x fe _i|A fc ) = J Q B f k (x k ; l fe |A fe )Q 7fc BCfc _ i (i fc ; x fc _i|A fe )cb fc . (1.57) 

T (k) 

For k = 1 we set 



J (l - e 2211 ) e iAlZ11 (3^77) ^ exp{-7^72( e ^ 1+z " + e*"-*")}dz u . 



(1.58) 



rt 1 ) 



Let us introduce for fc = 2, . . . , n the integral operators Q j^ 1 

Q^Ufc! Ifc-l) = J Q Ik BC k _Mk' *k-l\ a ) 0*1^1 Ifc-lW^fc-l 



(1.59) 



r (fc) 

For = 1 we take 



Q Jl /o (zn) = (l + e Z11 ) v^fe M (i_ e ^i)v^ ia e mzn . (1-60) 
Define for k = 2, . . . , n the integral operators : 

A^Ufc^ilAfc) = 

y (Q Ik BC k ^ x k \a)Q B f k k {x k ] u k \X k )) (Q Ik Bc k _Mk> ^fe-il A fc) < 3 B £" 1 1 Ufc-i; 2^-il A fc)) ( L 



611 



rt 1 ) 



(Q Ik BC k _Mk-i> ^k-i\ x k)Q B< ^ k k _^{x k -i, 2 fc _ 1 |o))dx A <te Jfe _ 1 d«fcdu A _ 1 . 
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For k = 1 we define 

A Jl 7o (£ii|Ai) = J dx 11 dunQ Il BCi (z 11 ,x 11 \a)Q B f i 1 (xn 1 uii\Xi)Q h BCo (u 1 i\X 1 ), (1.62) 

where 

Q h BCo ( u n\M) = (l + e" 11 )"^"* \l- e Ull )^~ l 'e*" 11 . 

1.7 Givental representations for the eigenfunctions of BC n and I n Toda chains 

In this Section we conjecture integral representations of elementary operators which intertwine I n - 
Toda chain Hamiltonians with generic coupling constants and BC n -Tod& chain Hamiltonians with 
generic coupling constants. By using intertwining relations we introduce the conjectural integral 
formula for the eigenfunction of I n -Toda chain with generic coupling constants corresponding to 
zero eigenvalues. 

Conjecture 1.1 The ground state eigenfunction for BC n -Toda chain has the following integral 
representation 

„ n n—l 

y BCn { X1 ,...,x n ) = J n^sc^fet^-i) n^fe' ( L63 ) 



r 



k=l k=l 



where Xi := x n ^. The domain of integration V should be chosen in such a way that the integrand 
decreases exponentially at infinities. 

The conjecture is also supported by various degenerations considering in the next Section. It is 
also easily verified for quadratic Hamiltonians using the intertwining relations (|1.45|) . (|1.47|) . 

Conjecture 1.2 The eigenfunction for BC n -Toda chain corresponding to generic eigenvalues 
parametrized by A = (Ax, • • • , A n ) is given by 

„ n n—l 

^l Cn {x!, ...,*„)= J n Q^c^ixk, x k ^\X k ) n d ^k , (1.64) 



k=l k=l 



where Xi := x n ^. The domain of integration T should be chosen in such a way that the integrand 
decreases exponentially at infinities. 

It is easy to check the conjecture for quadratic Hamiltonians using the following iterative procedure: 

H^ixM^^x^Xk) = Q^l^x^M^H^ix^) + y). (1-65) 
At the last step of the iteration we should check the relation: 

^(xn)< Cl (xn) = |< Cl (xn), (1-66) 

where 

,BCi / \ _ r>BCi 



^ 1 ° 1 (x 11 ) = g^ (x 11 ) 



2iAi / \ — e *l 



2 
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/ r (i) V / V 1 + e Zl1 1 



;i.67) 
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The last statement can be checked directly. Notice that the particular cases gi = and <?2 = 
corresponding to B n and C n -Toda chains respectively, can be transformed (up to certain multi- 
plier depending on spectrum) to the corresponding eigenfuctions with non-zero spectrum given in 
[GL()2| . 

Conjecture 1.3 The eigenfunction for I n -Toda chain with generic coupling constants given by 
il.51]) - il.52\) corresponding to eigenvalues parametrized by A = (Ai,...,A n ) has the following 
integral representation 

/n n—1 
n A \_ife*; ^-Mk) n % , (1.68) 
r k=i fc=i 

where ^ Ik j k 1 (z_k'i St-il-^*) * s defined by (jl.6ip and Z{ := z n ^. The domain of integration V should 
be chosen in such a way that the integrand decreases exponentially at infinities. 

This conjecture is easily verified for quadratic Hamiltonian using iteratively the relations 

H^(z k ) ■ AV^^-i) = AV^ilw) • (tf^Ufc-i) + f), (1-69) 
and the identity 

>(«u)- y)Q Ji B o>iiI A i) = °- 

1.7.1 The various limiting case of the Conjectures above are compatible with the results presented 
in |GLQ2j and recalled in the previous Section. Let us consider a specialization a = of the integral 
kernel Q T § Cn 

I* 1 / 1 ~~ e 2 ' 1 ' 1 \ J2 



n—1 

^ z — i 



11-70) 



fc=i 

that intertwines -BC n -Toda chain quadratic Hamiltonian: 

2 fci 
with the specialized I n -Toda chain quadratic Hamiltonian: 

H^( Z ) = --T— + ^ + 92 



2 9z„ i ( e -2n,i/2 _ e z„,i/2^ 2 (e-^n.i — e ^n,i N 



n-1 



(1.72) 



/S2 

k=2 

where 



h = -^, ~ 92 = 2(^L=)(-^ + l). 
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The Hamiltonian H^{z) is not generic since its coupling constants g\ and gi depend only on the 
combination . Shifting the variable Z\ — > Z\ + \ m ^ ° ne obtains the following expressions for 

the specialized iT J ™(z n ) and Q g C {z n ;x n ) when a = (tildes over H 1 ™ and Q^?™ below denote 
the application of the shift of variable z\ ) : 



n-l 



( - n) " 2^54, 2 (e -*„,i _ f e ^ + 2 +A^ +2 e 

91 

'j* I V 2 



1 + J^e 2 ™* 1 



n-l 

* eXp ^ ^^.g^n.l+^n.l _|_ ^ x n,l~ z n,l _J_ ^ ^ Qk-\-2 e^™'^ 1 _ ^"'^ -)- g* En / ' ' _ ' - I ! 

fc=l 

Then one can directly verify the following limiting relations between various Toda chains: 

1. When g\ — > one has 

lim H BC - (x n ) = H c - (x n ) , lim (z n ) = H D " (z n ) , 

^ m Q Q ^BcS-— n ' — = ^ C n (—m ^-n) ■ 

2. When gi — > one obtains 

hm (xj = B " (x n ) , lim F 7 " (z n ) = H (* n ) , 

The last formula readily follows from a simple observation: 



(1.73) 



(1.74) 



1 / / 

lim -2= In - V 6 = lim f - 2 J- e 2 + ofe) ) = -5 e 2 



2 Intertwiners for afRne Toda chains 

In this section we generalize the construction of the elementary intertwiners to the classical series 
of affine Lie algebras. For the necessary facts in the theory of affine Lie algebras see [Kj. Let 
us first recall the construction of the Q-operator for A n Toda chain |PG] . Using the elementary 
intertwiners we propose integral operators intertwining affine Toda chains corresponding to the 
affine Lie algebras of the same rank. 

2.1 Quadratic Hamiltonians of affine Toda chains 

Let us start with the a list of quadratic Hamiltonians of affine Toda chains considered below. 
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2.1.1 Simple roots for the system of type A$ in the standard basis {ei, . . . , e„} read as follows: 

a = e 1 - e n+ i , a, = e i+ i - , 1 < i < n . 

The corresponding Dynkin diagram has the following form: 

ao (2.1) 



Oty 




«n-l 



Or, 



Quadratic Hamiltonian operator for the closed Toda chain reads 

(i) 1 ™ +1 d 2 n 
n A - (x n+1 ) = -^Y.7T2 + gi e x "+^- x "+i'"+i +J29i+ie Xn+1 ' i+1 ~ Xn+1 ' i . (2.2) 



Z • =1 OX n+l,i 



i=l 



2.1.2 Simple roots of the twisted affine root system can be expressed in terms of the standard 
basis {e^ as follows 



a.\ = ei, aj+i = ej+i - ej, 

«n+i = -2e n . 
The corresponding Dynkin diagram is given by 



1 < i < n- 1, 



Ot r , 



Introduce the affine non-reduced root system BC' n with simple roots given by 

a = 2ei, ai = ei, a i+ i = e i+1 - l<i<n— 1, 

C^n+l = 6n Cn— 1) 

and the corresponding Dynkin diagram is as follows 




«2 



«n-l 



ai 




«n+l 



(2.3) 



(2.4) 



2.1.3 Simple roots of the twisted affine root system ^n-i are gi yen by 
«i=2ei, a,+i = ej+i - e i} l<i<n — 1, 

ttn+l = Cri— lj 



(2.5) 
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and corresponding Dynkin diagram is 



a. 



(2.6) 



Oil 



«2 



"n-1 



2.1.4 Simple roots of the affine root system are given by 

ai = ei, = ej+i - e*, l<i<n — 1, 

and corresponding Dynkin diagram is as follows 



(2.7) 



(2.8) 



Oil 



«2 



«n-l 



«n+l 

2.1.5 Introduce the affine non-reduced root system -BC" with simple roots given by 

q = 2ei, ai = ei, a i+ i = e i+ i - ej, l<i<n— 1, 

«n+i = -2e n , 
and corresponding Dynkin diagram is given by 

Q 




«2 



«1 




Or, 



(2.9) 



2.1.6 Simple roots of the affine root system Cn^ are 

ai = 2ei, a,+i = ej+i — e,, 1 < i < ra — 1 , 
Sn+i = 2e ra , 



(2.10) 
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and corresponding Dynkin diagram is given by 



OL n -\ 



«n+l 



2.1.7 Simple roots of the affine root system D$ are 

cti = ei + e 2 , = ej+i - e^, 1 < i < n — 1 , 

and corresponding Dynkin diagram is given by 



OL r , 



«3 



«n-l 



«2 



«n+l 



(2) 

2.1.8 Simple roots of the affine root system D\ are 

«i = ei, «j = e i+ i - ej, l<z<n-l, 

and corresponding Dynkin diagram is given by 



u\ < ai 



«n+l 



2.1.9 Simple roots of the (non-reduced) affine root system BC n+ \ read as follows 

«o = 2ei cci = ei, 

aj+i = e i+ i - 1 < z < n, 

«n+2 = — e n +l Oin+Z = — 2e n+ i, 
and corresponding Dynkin diagram is given by 





Ort+2 
ft 



«2 



V 





«n+3 
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Let us consider generic quadratic Toda Hamiltonian associated to the root system BC n fj2. 13|) : 



— 1 n d 2 

Z i=1 OX n,i 

(2.14) 

71-1 V ' 



i=l 



2.2 Elementary Intertwiners 

In |PG] Pasquier-Gaudin introduce the following integral Q-operator defined by the integral kernel 

n+l 

Q A "\x 1 ,...,x n+1 ;y 1 ,...,y n+1 ) = exp { - £ + 5m e*+^) } , (2.15) 

i=l 

where y n +2 = yi , <?n+2 = 5i • According to [PG] this integral kernel satisfies the following intertwin- 
ing relations 

H A -\x n+1 ) ■ Q A "\x n+1 ; y_ n+l ) = Q A "\x n+1 ; y_ n+l ) ■ H A "\y_ n+1 ) . 

Below we list kernels of the integral operators that conjecturally intertwine Hamiltonians of affine 
Toda chains corresponding to other classical series of (twisted) affine Lie algebras. We checked 
these intertwining relation against the quadratic Hamiltonians. 

2.2.1 The integral operator with the following kernel 

(2) 

Q A B C ' *n+l) = exp { - 5i e 2 ^ 1 - ^ (>n,i-z„ +M + g i+ie ^^-^A 

" +1 i=i (2.16) 



-n i z n+l,n+l %nn 



} 



(2) (2) 

intertwines Hamiltonian operators for A^n an< ^ -^^rn-i'Toda chains 

n a2 n ~ l 



K A %(x n ) = + 9ie x ^ + Y,9i+ie x ^ +1 ~ x ^ + 2 5n+l5n+2 e- 2 ^ , (2.17) 



2 f-' dx n 

1=1 'M i=l 



n+1 ;)2 „ „2 



2 t^ n+M 2 " ' 2 

n 

+ ^5rj + ie 2n+1 ' l+1 " 2n+:u + 5 n+2 e~ 2n+1 ' n+1 ~ 2:n+1 '' 1 . 
i=l 

The elementary intertwiner (|2.16f) is involutive; we use the following notation for the integral kernel 
of the inverse transformation: 

BC a' 2 ' 
Q .(2) fen+l) := Q (— n: —n+l) ■ (2-18) 
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2.2.2 The integral operator represented by the following kernel 

,(2) 



Q 2 "(2) (x„, z n ) = exp\ - gie 



n-l (2-19) 

|e I "' , " 2 "' i + g i+ ie Zn - i+1 ~ Xn ^ - e Xnn ~ Zn " - g n+ ie~ Xn "~ Zn " j, 



i=i 

I (2) 



intertwines Hamiltonian operators for A^.j-Toda chains with generic coupling constants 

i n fl2 n—\ 

n A ^(x n ) = - £ + 2 9l e 2x ^ +Y,9i + ie Xn ' i+1 - x - i (2.20) 

z i=i aa X* i=1 

+ 5n5n+ ie- :r ""- :E "-™- 1 , 



i n o2 n ~l 

n<-^(zj = — + 5i5 2 e z - 1+z - 2 + 2>+i e *" ,<+1 "*" < (2.21) 

i=l "^n,* j=l 



+ 2g n+1 e 



-2Z; 



nn 



In the following we use a separate notation for integral kernel of the inverse transformation: 

Q 4 (2) (^n! ^n) := Q .(2) (=Vi> — n)- 

2.2.3 The integral operator represented by the following kernel 

Q B<n B C ^n, In) = exp | - gi e 2 ™- 1 
„-i (2.22) 

i=i 

intertwines Hamiltonians of B„^- and i?C"-Toda chains 

^(xj = - ^7T2- + Si^ 1 + J> + ie*-+!-*- (2.23) 
z i=i ax ™,* i=i 

n-l 

+ ^5i+ie z "' l+1 " z "' 1 + 2g n+1 e~ 2z ™. 
i=l 

We use the following notation for integral kernel of the inverse transformation: 

Q (i)(ln'^n) := Q BC"(—n>Z-n)- (2.25) 

tin n 
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2.2.4 The integral operator with the following kernel 



Q Cn nW fe„,l„+i) = exp { - ^e^i+^+M 

n 

- ^".i-^n+i.i _|_ 5 , i+ie 2 ™+i.»+i- :E ™.^ - 5r n+ 2e~ Zn+1 '™ +1_:Cnn | 



i=l 



2 ^ dz 2 

Z i=l aZ n+l,i i= i 



2.2.5 The integral operator with the kernel 



n-1 



Q D "(i) fe„, ln-l) = ex p| ~9ie X 

- ^ ^ e 2n-l,i-X„,i _|_ 5j+ie X„, i+ i-Z n _i,i^ _ ^ +ie -Xnn-Zn-l,n-l ^ 
1=1 

intertwines Hamiltonian operators for D^- and C n ^ 1 -Toda chains 



n D " fe„) = -- + SiSae*"- 1 **- 2 + 2 ^e^ 1 "*- (2.30) 



i=l ""~n,i j =1 

+ <7n+l e 5 



Q c (i){z n+ ii x n ) := Q fe n , z n+ i), 



n + l 

Q (i) (ln-15 ^n) := *3 ^(l) fen> -n-l) ■ 



n (i)V^n-l> •— ^ r (i) 



2.2.6 The integral operator with the following kernel 

-,(2) 



Q% : Jx n , z n+1 ) = exp | - ie *»+M 



i=i 
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(2.26) 



intertwines Hamiltonian operators for Cn^- and D^j^-Toda chains 

(i) 1 n d 2 n ~ 1 

n c - fej = - V + 2< 7l e 2a; - 1 + J2g i+1 e x ^- x ^ + 2 5n+l5n+2 e- 2:E ™ (2.27) 

"+ 1 ^2 



i=l 

+ g n +2e~ Zn+1 ' »+* -*•+!.» . (2.28) 



(2.29) 



T n ~ ^ P>2 n—2 

H C «-ifen-i) = -o E a - ^ + 2ffie 2 ^-M + ^ ^^-m+i-^-i,* (2.31) 

i=\ OZ n-l,i i=1 

We use the following notations for integral kernels of the inverse transformations: 



(2.32) 



(2.33) 



(2) ' " 

intertwines Hamiltonian operators for D„ - and l?C n +i-Toda chains defined as: 

(2) 1 n Q 2 ri—l 

n D "\x n ) = --J^—^- + 9ie Xl + Y^g i+1 e x ^- x ^ + g n +i(T Xn \ 



1 n+l o2 2 
7-/BG' n+1 ( \ \ _ il„2n+l,l x 

{ln+l) ~ *k d < + ^ 2 2 



(2.34) 
(2.35) 



i=l 



'n+l, — 2n + l,i _ 9n+2 — z n +l, n +l i ^n+2 — 2z„+l, n +l 

2 + 2 



The integral kernel for the inverse transformation is denoted by 



-,(2) \±n+li ±-n) ■— V gg* _ V^m ±n+l; 



D 



--n+l 



(2.36) 



Proposition 2.1 Integral operator with the kernel 



n BC n ( s _ / 1 ~ eZnW eZn+1 ' " +1 \ ^ / 1 ~ e ~ 2Zn+1 ' " +1 \ a 



n+l 



exp{a(j> n+M - - J|( e *«.i+^ + M +e *»,i-*» + i,i) 



i=i fe=i 

n-l 



-E 



5fc+2e 



a+1, fc+1 _J_ ^ x n,k+l z n,k 



k=l 



9n+2 



^n+l,n+l ^nn _|_ g 2-n+l, n+l ^nn 



)}• 



(2.37) 



intertwines quadratic Hamiltonians of the BC n -Toda chain: 



n-l 



1 n ^2 

2 i=l 0X «,i fc= i 

+ g n + 2 e- 2Xnn -g n+3 e- Xnn , 



•£n, k 



with the closed Inozemtsev quadratic Hamiltonian: 



H T ^(z n+1 ) = --^^ 
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+ 



92 



2 ~[ d Z n+l,i ( e - 2 n + l,l/ 2 - e^n + l.l/ 2 ) ( e -2n + l,l _ e Zn + l,l) 



n— 1 



+^ 3 * — (e Zn+1 ' 1+Zn+1 ' 2 + e z «+i>2- z n+i,i^ _)_ gfc+2 eZ " +1 ' fc + 1 ~ Zn+1 ' fc 



fc=2 



_|_ 1 9n+2 ^ Zn+l l + Zn+12 j c Z rt+ l,2-^n+l.l^ _|_ 



+- 



2 

<?n+3 



+ 



Sn+4 



^g — Zn+l,n+l _ gZn + l,n+l^ (g-^n + l , n+l /2 _ g^n+l, n+l /2^ 



2 ' 



(2.38) 
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where 



(2a + l)gi „ . gi s / gi \2 

9i = -== — , 92 = 2(a + —;=) + 2 a + 



n 

9n+3 \ 2 n / 5n+3 \ ~ /o -i \ 5n+3 



(2.39) 



ffn+3 = 2(a+ n :) -2(a " ) , <? n+4 = (2a - 1 



V^9n+2 ' V^9n+2 ' \/2g n 



+2 



2.3 Q-operators for afRne Toda chains 

Now we apply the results presented in the previous Sections to the construction of the integral Q- 
operators for all classical series of afhne Lie algebras as well as afhne versions of BC n - and Z„-Toda 
chains. Let us note that the elementary intertwining operators and recursive operators for finite 
Lie algebras can be obtained from the elementary intertwining operators and Q-operators for afhne 
Lie algebras by taking appropriate limits gi — > in (|2.16j) - (|2.29p . This generalizes known relation 
between Q-operator for An and recursive operators for A n . 

Conjecture 2.1 The integral kernels for Q-operators have the following form 

Q te y) = Q |% , (s £n+i) Q .pfCsn+i; u)dz n+1 , (2.40) 
,(2) r a (2) a (2) 

Q A ^(x;y) = / Q ^ (x;z n )Q ^ (z n y;,)dz n , (2.41) 

J A 2n-1 A 2n-1 

Q Bkl) te y)= I Q B lc» (s *J Q B % U»; v) dz n , (2.42) 

Q°"\x; y)= f Q C l w (x; ^ +1 )Q D ^(z n+1 -, y) dz n+1 , (2.43) 
Q°P (x; y)= [ Q D ^ (x; Zn-JQ^l) (*n-ii v) » (2-44) 

Q D " } (x; y)= [ Q% (x; z n+x )Q W ?^ (z n+1 ; y) dz n+1 . (2.45) 

— J -DO„ + l D n — 

Q Wn (x; y) = [ Q 5 ?" (x; l n+1 )g^ (z n+1 ; y)dz n+1 , (2.46) 

Q f ™(x; y) = / Q 7 ^ (x; £ n _ 1 )Q^- 1 U n -i! 2/) , (2.47) 

where x = (x±, . . . ,x n ), y = (yi, ■ ■ ■ ,y n ), and z k = (z kt i, . . . ,z kk ) for k = n,n± 1. 
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3 Intertwining operators semi-infinite Toda chains 

Similar approach can be applied to construct Q-operators for infinite root systems B^, C ( 
and Doq. 

3.1 Quadratic Hamiltonians for semi- infinite Toda chains 

Simple roots and Dynkin diag rams for infinite Lie algebras Aqq, -Boo Coo BC^ and D c 
follows 

Aoo : a i+ \ = e i+ i - a, i G Z, 

• • • OL-l do OL\ «2 • • • . 



i G Z >0 , 



i G Z >0 , 



i G Z >0 , 



03 «4 




«2 



BCoo : a = 2ei, a.\ = e±, a i+ i = e i+1 - e,, i G Z >0 , 



Q 




«2 «3 



Q'l 



-Boo: ai = ei, a^+i = e i+ i - e*, 
Coo- ai = 2ei, aj+i = ej+i — ej, 

«1 > Q!2 <*3 

Doo : ai = ei + e 2 , a i+ i = e i+ i - e», 
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3.2 Elementary intertwiners for semi-infinite Toda chains 

Q-operator for Aoo infinite Toda chain is known (see [T] for the classical limit) and has an elementary 
structure. Namely, it is given by an integral operator with the kernel 

Q(x, y) = exp { - ^ (e Xi ~ yi + ^e^ 1 "* 1 ) } , (3 6 ) 

and intertwines Aoo Toda chain Hamiltonians e.g. 

d 2 



In this section the notations x = (x±,X2, ■ • •), y = (yi,2/2> ■ ■ ■) ar e used. Below we conjecture a 
generalization of this integral operator to other classical series as well as BC and I series of Toda 
chains. The intertwining relations with quadratic Hamiltonians can be checked straightforwardly. 

3.2.1 The integral operator with the kernel 



Q B bc*JX'Z) = exp{ -gie zl -Y,(^ Zl +^+ie z > +1 - x >) }, 



(3.9) 



i>0 

intertwines and BC^ Toda chain Hamiltonian operators 

-1 00 C)2 00 

H B °°(x) = +5ie -i + ^ 5m e^"^, (3.10) 

i=l 1 i=l 
1 00 a2 2 00 

U BC Hz) = 4E|l "f^ + fe^+E^ie— . (3.11) 

i=l 1 i=l 

3.2.2 Similarly the integral operator with the kernel 

Q C dJx,z) = exp{- 9l e^+^-E(^-^+5me 2 ^-^)}, (3 . 12 ) 

i>0 

intertwines Coo and -Doo Toda chain Hamiltonian operators 

H c °°(x) = - ^^#2 + 2 9^ 2X1 + Y,^+ie x ' +1 - x \ (3.13) 



2^dxf 
1=1 1 i=i 



i=l * 

Thus integral Q-operator for Coo has as the kernel 

„ 00 
Q Co ° (x] y) = J Q Cc h oo (x, z) ■ Q D ^ (z, y) J] dzt . 



i=l 
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3.2.3 The integral operator with the kernel 

Q D ^Jz,x) = exp{- gi e*^ -J2(e Zi ~ Xi +9i+ie x ^- Zi )}, (3.15) 

i>0 

intertwines and Toda chain Hamiltonian operators 

. co „2 00 

H D °°(x) = --^^ +9l92e xl+X2 + J29i+i eXi+1 ~ Xi > ( 3 - 16 ) 

i=l 1 i=l 

H c ~{ Zl ) = --^^ + 2 5ie ^+^ 5m e 2 ^-^. (3.17) 

i=l 1 i=l 

3.2.4 Let us consider the quadratic Hamiltonian of -BCoo-Toda chain with arbitrary coupling con- 
stants: 

H BC °°(x) = --^^ + gie^ + g 2 e 2 ^ + J> +2 e^-^ . 

i=l 1 i=l 

Then an integral operator with the kernel 



i>0 

+ e Xl - 21 ) - (gi+ie Zl+1 ~ Xl + e^ 1 "^ 1 )} 



(3.18) 



1 92 ^ f ..i- t + -.| 1 / ' ' 1 - 1 



i>0 



intertwines H BC °° (x) with the specified quadratic Hamiltonian of 1^ integrable system: 

H i-( Z ) = + 9 - + 9 - 

2^dz? ( e -,i/2_ e ,i/2) 2 ( e - 2l _ e2l ) 2 

/ I 00 

+ vf eZ1+Z2 + Wf e22 ~ 21 + E^+2 eZi+1_Zi ' 

' ' i=2 

where the coupling constants g\ and 52 are given by (|1 .52|) : 

(2a + 1)51 ~ „/ . 91 \ . / . 9i \ 2 

9i = /s== — , 92 = 2(a + —7=) +2(a + 



(3.19) 



Let us denote by Q I °bc 00 (— > — ) ^ e kernel of the inverse integral transformation. 
3.3 Q-operators for semi-infinite Toda chains 

Now one can construct Q-operators for the semi-infinite Toda chains, combining the elementary 
intertwiners obtained in previous Subsections. 

Conjecture 3.1 The Q-operators for semi-infinite Toda chains are given by the following integral 
kernels. 



Q b bc x te> *) • Q bc bZ ^ Vi) II dZi ; ( 3 - 2 °) 

1=1 
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Q Coc y) 



/oo 
Q ^ fe, z) ■ Q D ^ (z, y) ]J dzi ; (3.21) 
i=i 



/oo 
Q D ^ (x i} Zi ) ■ Q c ^ ( Zi , Vi ) J] ; (3.22) 

/oo 
Q B f~ ( Xi , Zi) ■ Q Ioo BCao (zt, Vi) J] d Zi ■ (3.23) 
i=l 

/oo 
q^coo ^) • q b s° w) n dx * ■ ( 3 - 24 ) 

One can directly check this conjecture for the intertwining relations with quadratic Hamiltonians. 
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